The paper introduces the control of a redundantly actuated parallel mechanism for ankle rehabilitation which is based on online inverse kinematics calculation to generate required actuating parameters to control the mechanism and achieve the required dynamic response. The geometry of the mechanism is described and the design parameters are investigated in the analysis of singularity and dexterity. The dynamic model is developed and the tuning of the control gains is performed by analysing the level of actuation conflict and tracking error that have been minimized by varying the controller parameters. The paper further examines the actuation conflict and evaluates its association with the control parameters. Both simulation and experiments were carried out to implement the analysis and control strategy in the mechanism.
INTRODUCTION
In the past decade there has been considerable activity in the research and development of devices to speed recovery from injury including limb treatments and gait rehabilitation. A three-degree-offreedom pneumatic robot to apply physiotherapy to the upper limb was developed by Richardson et al. [1] and an elbow physiotherapy device was developed by the Swiss Federal Institute of Technology [2] . A variable resistance device with a damper was introduced by Dong et al. [3] for knee physiotheraphy. Further to this, and taking advantage of a changeable high stiffness and the good force and torque capacity of parallel mechanisms, a wrist physiotherapy device was produced by Takaiwa and Noritsugu [4] . More recently, a vehicle-manipulator-based walker-trainer was developed by the Laboratoire des Systems Robotiques at the Ecole Polytechnique Federale de Lausanne [5] . These developments highlight the range of rehabilitation devices currently available.
A sprained ankle is the most common musculoskeletal injury seen by physicians caring for active youngsters and adults. It accounts for approximately one-fourth of all sports-related injuries and is a common problem for football and basketball players because of the running and jumping involved in those games. Ankle injury figures range from 10 per cent to 30 per cent of all injuries and from 5 per cent to 20 per cent of all time-loss injuries [6] . These injuries are graded into one of three types (grades 1 to 3) depending on the extent of the injury. In the first two grades, treatment is started early in the acute phase and is primarily targeted at reducing swelling and pain. The physiotherapy concentrates on increasing pain-free motion. The effectiveness of the rehabilitation programme after injury or surgery often determines the level of future function and athletic performance.
Geboers et al. [7] discussed the rehabilitation of patients suffering injury to the plantar-flexor muscles that are related to the dorsiflexion (foot bent in) and plantar flexion (foot bent out) movements. They highlighted that an appropriate exercise regime is important if full recovery is to be achieved especially in the case of elderly patients. It has been suggested that exercising body extremities can aid recovery from a stroke [8] .
Though physiotherapy is a crucial part of recovery from ankle injuries, current commercially available devices are primitive and mostly actuated by patients themselves. Thus, there has been considerable interest in developing physiotherapy devices for ankle injuries. In 1999, Girone et al. [9] developed a six-degree-of-freedom Steward platform for sprained ankle rehabilitation and generated a breakthrough in this field.
In 2005, McDonald et al. [10] developed the Biodex Rehabilitation/Testing System 3. The right foot is positioned on a custom attachment, which has a six-degree-of-freedom force-moment sensor.
In addition, to the six-degree-of-freedom devices, the use of lower mobility platforms has also been studied. This line of work started in 1999 when Dai and Massicks developed an equilateral ankle rehabilitation device based on parallel mechanisms [11] . This work was expanded by Dai et al. [12] to create a family of lower mobility devices that can be used in the production of ankle physiotherapy platforms. A two-degree-of-freedom Cartesian device was developed by Yoon and Ryu [13] for reconfiguring the exercises for ankle physiotherapy.
This paper discusses control tuning issues related to the response performance and motion conflict usually presented in redundant parallel mechanisms due to kinematic modelling or calibration errors. The latest developed lower mobility platform device for ankle rehabilitation is briefly discussed and used as a test bed system in this work. In particular, compared to other devices, this platform has a higher number of inputs than the required outputs. This raises the issue of redundant control of the device and synchronization [14] . The paper presents the work of implementing online inverse kinematics to provide the desired actuation parameters in order for the platform to follow the expected orientation in sprained ankle physiotherapy. The level of actuation conflict, introduced in the device while moving as a result of kinematic or calibration errors, is examined and its association with the control parameters is fully evaluated.
THE REDUNDANTLY ACTUATED PLATFORM MECHANISM
The human ankle can be considered as a complex composed of two articulations whose kinematics can be represented by two hinge joints. The axes of rotation are skewed and angular displacements in the two ankle joints produce rotations of the foot in all three planes (sagittal, frontal, and transverse plane). Therefore, a foot is capable of three kinds of movement referred as plantar\dorsiflexion, ever-sion\inversion, and adduction\abduction. When considering gross motion and especially in rehabilitation, it is important to consider the first and second motions of the foot. Exercises in which the foot is moved so as to draw letters of the alphabet on the ground are still included in many rehabilitation protocols and require the patient to perform abduction/adduction movements. However, most exercises require only plantar/dorsiflexion and eversion/ inversion motions [15] ; therefore these degrees of mobility will be considered for the design of the rehabilitation device. These two motions are depicted in Fig. 1 while the range of motion and torque capability of the ankle are listed in Table 1 . The range of motion of a sprained ankle depends on the extent of the injury, namely grades 1, 2, and 3. In a grade 1 injury, the patient requires an operation and the ankle cannot move at all. In a grade 2 injury, the range of motion dramatically reduces to between 10 and 20 per cent of the healthy ankle range. In a grade 3 injury, the range of motion is between 20 and 30 per cent of the normal healthy ankle range, and rehabilitation exercises start from this point. As stated previously, most of the exercises require only plantar/dorsiflexion and eversion/inversion movements which require a device with two degrees of freedom. Hence, the robotic device needs to provide two rotational degrees of freedom. This mobility can be achieved by the platform shown in Fig. 2 . The device consists of a base and three prismatic actuators acting as limbs, exerting motion to the platform (top circular plate). The central strut is used to support the platform and is fixed at the base. A universal joint is installed between the central strut and the platform to constrain the mobility of the platform to two degrees of freedom. This results in an over-actuated mechanism with a singularity-free workspace [14] and a high stiffness capability.
Clinical testing of the device developed in reference [16] highlighted the point that the pneumatic actuation control needs accurate temperature compensation of the pressure sensors, otherwise unwanted vibrations are created. Furthermore, in order to have a good tracking of the desirable trajectory for ankle motion and to provide high torques for balancing exercises, custom-designed servo actuators were used to power the limbs of the device. The actuator unit is composed of a brushed DC motor gear box and encoder group that drives a prismatic joint through a capstan system. The gear ratio was chosen to be 12:1 in order to keep the system backdrivable while meeting the output torque requirement.
For the purpose of geometric analysis, two Cartesian coordinate systems O(x,y,z) and O0(u,v,w) are attached to the base and the platform respectively, and a third fixed-orientation local coordinate frame O9(u 0 ,v 0 ,w 0 ) is placed on the top of the central strut, as in Fig. 3 . Joint B i lies on the plain x-y while joint P i lies on the plane u-v. The origin of the fixed reference frame O is positioned at the centroid of DB 1 B 2 B 3 , and the joint B 1 lies on the x-axis, as in Fig. 3 .
Again, the origin of the moving reference frame O0 and the fixed orientation frame O9 are both positioned at the centroid of DP 1 P 2 P 3 , and the joint P 1 lies on the u-axis, in Fig. 3 . Both DB 1 B 2 B 3 and DP 1 P 2 P 3 are equilateral triangles with their vertices lying on a circumference with radius r B and r P for the base and platform respectively. Let (x,y,z), (u,v,w), and (u 0 ,v 0 ,w 0 ) be the unit vectors of the reference frame O, O0, and O9 respectively. Defining two rotation angles a and b about the u 0 and v 0 axes and a translation h from the origin of the fixed frame O to the origin of the moving frame O0 (which always coincides with the origin O9), in Fig. 3 , the following relations can be defined
and where the vector p and the matrix R O'' O are the translation vector expressed in the base reference frame and the rotation matrix which describe the orientation of the moving platform with respect to the base. The translation vector is time constant because of the presence of a central strut in the mechanism, and it has only the z component which is equal to the height of the manipulator h, as shown in Fig. 3 . The rotation matrix contains sine and cosine functions of the variable rotation angles a and b.
INVERSE KINEMATICS AND INPUT TRAJECTORY
Let b i and p i be the position vector of the ith universal and spherical joint on the base and on the platform respectively. Hence, it is possible to define the limb vector as
where d i is the limb length and s i is a unit vector along the longitudinal axis of the ith limb. The inverse kinematics of the parallel mechanism can be obtained as the square root of the expression given by the dot product of equation (3) with itself as
with c i~p {b i Differentiating the expression in equation (3) yields the velocity relations as
where v i is the angular velocity of the ith limb and
is the angular velocity of the moving platform and contains the time derivatives of the orientation angles. Dot multiplying both sides of equation (5) with s i gives the relation between a single limb velocity and the angular velocity of the moving platform as
and writing equation (7) for i 5 1, 2, and 3 and rearranging in a matrix form gives
where J a is the Jacobian matrix of the parallel mechanism and ḋ 5 [ḋ 1 ḋ 2 ḋ 3 ] T is the vector that contains the limb linear velocities. The above inverse kinematic equations are used to generate the required trajectories of the redundant actuation.
SINGULARITY AND OVER-ACTUATION AND THEIR EFFECT ON DESIGN
Kinematic singularities are a problem for the control of a robotic device. When a parallel mechanism reaches a singular posture, it acquires one or more degrees of freedom which make it impossible for the end-effector to apply forces and torques to the external world. Obviously, this affects the dexterity of the mechanism meaning that for certain postures within the workspace, the mechanism is not able to produce forces and torques to complete its task. Actuation redundancy has been presented by several researchers as a way to eliminate mechanism singular postures and improve mechanism dexterity [17] [18] [19] [20] [21] [22] . A study of different mechanism geometries, in the presence and absence of actuation redundancy, for the parallel mechanism studied in this paper was presented in reference [23] , where the concept of over-actuation was applied to completely remove mechanism singularity and improve the dexterity of the parallel mechanism.
The analysis of kinematic singularities and dexterity becomes necessary in the design process of a robotic device. The Jacobian matrix in equation (8) can be used to analyse the mechanism dexterity. Considering the condition number of the matrix as the ratio between the maximum s max and the minimum s min singular values of the matrix which varies in the range [0,1], where zero represents singularity and one represents isotropy. Its physical meaning is the ability of the mechanism to support the external load within a range of motion with a certain level of actuator forces. The larger the dexterity is, the larger the range of motion that the internal forces can be applied to support the external load. When the dexterity is equal to one, it exhibits the isotropic property that the internal forces generated are isotropic to support the external load in any direction. The local dexterity characteristic of the parallel mechanism changes when choosing different geometric parameters. The greatest change can be seen when the ratio between the base radius r B and platform radius r P varies. A simulation was performed to calculate the mechanism LDI for a certain range of motion of the platform, and three examples of different mechanism local dexterity characteristics with different platforms and base radius ratios are given in Figs 4 to 6. The geometric parameters used for the simulations are those reported in Table 2 .
It is possible to notice that with r B /r P 5 1 the local dexterity surface assumes a bell-shape, having a single isotropic point that corresponds to a 5 0u and b 5 0u. In the cases of r B /r P , 1 or r B /r P . 1 the surface presents more than one isotropic point even though the smoothness of the surfaces worsens.
The need for a highly dexterous workspace is due to the fact that the device needs to bear the patient's weight during balance exercises; therefore the higher the dexterity the smaller the actuator size is and the size of the device is reduced. In fact, in terms of dexterity any of the three set of geometric parameters could be selected, obtaining roughly the same mechanism performance. Hence, the values r B 5 0.125 m, r P 5 0.085 m were chosen for the design together with an actuator stroke of 10 cm and central strut length of h 5 0.3 m.
A prototype of the parallel mechanism was built based on the reported analysis. In order to cover the range of motion and satisfy the torque requirements that characterize the human ankle (Table 1) , a back-drivable, high-force custom electric linear actuator was designed making use of a DC brushed motor (Maxon, RE40 150 W) that when combined with a planetary gearbox and a capstan mechanism, Fig. 7 , is able to produce a maximum linear force of 1200 N, allowing a platform maximum torque output of 215 Nm. The maximum output torque of the device is limited by the maximum output torque of the planetary gearbox whereas the maximum continuous output torque is Fig. 4 Local dexterity of the parallel mechanism with r B 5 r P Fig. 5 Local dexterity of the parallel mechanism with r B . r P Fig. 6 Local dexterity of the parallel mechanism with r B , r P The three linear actuators are controlled by a PCI motion control board from national instruments mounted on a standard desktop PC that runs the outer control-loop providing the position references to the motion control board. The PD control-loop runs at 16 kHz while the position reference is computed with a frequency of 100 Hz. The power stage is an NI MID-7654, four-axes motor drive which transforms the command DAC output signal of the motion control board into current to drive the DC motors.
The designed prototype is capable of providing torques greater than those a human ankle is able to produce and this ensures that the device will be able to provide the required power to complete a given task. However, the reachable workspace is ¡25u for both plantar/dorsiflexion and eversion/inversion while the range of motion of the human ankle is wider. This is due to the range limits of the spherical joint that connects the limbs to the platform. Further, effort will be spent to design customized spherical joints with a greater range of motion.
DYNAMICS AND PROPORTIONAL-DERIVATIVE CONTROL

Dynamic model of the parallel mechanism
The dynamic model of a redundantly actuated parallel mechanism can be described by combina-tion of the dynamics of an equivalent tree system obtained by cut-opening as many passive joints as the number of closed loops of the parallel mechanism and a set of kinematic constraints that relate the generalized coordinates of the tree system with a selected set of independent coordinates. The dimension of the set of independent coordinates equals the number of degrees of freedom of the parallel mechanism.
In the case of this paper an equivalent tree system of the parallel mechanism has been obtained by cutopening the three spherical joints P i that connect the limbs to the platform. Hence, four subsystems were obtained as three identical limb subsystems and a strut-platform subsystem. Referring to the ith limb subsystem a set of generalized coordinates was defined as
were a i and b i are the two angles that describe the orientation of the ith universal joint that connects the limb to the base. The orientation of the strut-platform subsystem is described as
where a and b describe the orientation of the platform as defined in section 4. Therefore, the dynamics of the tree system is described by
where q t is the vector of generalized coordinates of the equivalent tree system, composed by the two vectors of active and passive joint coordinates
and
and M t (q t ), C t (q t ,q t ), and N t (q t ) are the inertia, Coriolis/centripetal, and gravitational matrices of the dynamic equation of the tree system respectively. The vector of torques/forces of the tree system (13) is composed by the two vectors of the torques/forces of the active and passive joints
forces of the limbs and
torques of the passive joints. Selecting a set of independent coordinates q in as the platform orientation angles yields
it is possible to derive kinematic and static relations between velocities and torques of the independent coordinates and those of the tree system. A velocity relation is established as
where
is the Jacobian that relates the active and passive joint velocities with the platform angular velocity; it is composed by J a , which is the Jacobian matrix between the angular velocities of the platform and the linear velocities of the limbs, and J p , which is the Jacobian matrix between the angular velocities of the platform and the angular velocities of the passive joints. Differentiating equation (21) with respect to time gives the relation between the accelerations
whereq t and q in are the accelerations of the tree system and the platform respectively. Consequently, the relation between the independent torques and the torques of the tree system is given as
where t in is the vector of the generalized torques of the platform.
The relation between the platform torques and the active joint torques is given as
Substituting equation (13) into equation (24) yields
and substituting equations (23), (26) and the result into equation (25) gives the dynamics of the closedloop system in platform coordinates as
wherê
is the pseudo-inverse of the manipulator Jacobian matrix J T a . Equation (27) describes the dynamics of the parallel mechanism and gives the actuation forces that should be provided by the limbs for a certain trajectory of the platform.
The forward dynamics equation can be written as
Using the forward dynamic model in equation (28) a simulation of the system with position feedback was performed in order to foresee the performance of a proportional-derivative (PD) controller in the joint space.
Inverse-kinematics-based PD control
A control scheme that uses a PD compensation of the position error is depicted in Fig. 8 . The reference position is given in the Cartesian space (in terms of platform orientation), defining a motion of the mov- ing platform that lies within the range of motion of the human ankle as described in section 3, and the desired positions of the limbs are obtained from the inverse kinematics in equation (4). The tracking error is computed as the difference between the desired and the measured limb lengths, and the vector of actuator torques is expressed as
with e and its derivativeė defined as
where d des ,ḋ des , and d meas ,ḋ meas are the desired and measured position and velocity respectively and where k P and k D are the proportional and derivative gains of the PD controller of the limbs.
Actuation conflict
The use of inverse-kinematics-based PD control with redundantly actuated parallel mechanisms introduces the problem of actuation conflict. The actuation conflict is defined as the interference that errors in the kinematic model used to compute the limb reference positions generate between the actuated limbs. In other words, when the platform is driven along a certain trajectory and no load is applied to the system, each actuator experiences an overload due to the position errors in the other limbs. This can be explained by the fact that the system is overconstrained (number of actuated limbs greater than the number of degrees of freedom) and the lengths of the limbs need always to satisfy the constraint equations f(?) that describe the kinematics of the parallel mechanism.
Introducing an error in one or more geometric parameters used to model the real system and derive the constrain function f(?), and computing the inverse kinematics for a given trajectory of the platform, a wrong set of limb reference positions would be generated and the position tracking error would become
whered d represents the kinematic error generated by modelling errors in the geometric parameters and d r is the desired position assuming a perfect kinematic model of the parallel mechanism. Rewriting the control law yields
where e r andė r are the position errors considering the exact kinematic model and its time derivative respectively, and _ d d d d is the time derivative of the kinematic modelling error.
The conflict can be solved by the correct and accurate result of the inverse kinematics. The former can be secured by the mathematical derivation in this paper. The latter can be solved by taking the correct value of the geometric parameters, with a correct mechanism calibration and compliance property of the actuation system.
A simulation was performed in order to verify the stability of the closed-loop system with the proposed control algorithm while analysing the effect of kinematic modelling errors. The forward dynamic model of the parallel mechanism in equation (28) was coded in Simulink, and the scheme of the closed-loop system is given in Fig. 9 . Fig. 9 Simulation scheme of the closed-loop system In Fig. 9 the relation between the Cartesian orientation of the platform q in and the vector of limb lengths d is represented by the function f(?). Therefore, the direct kinematic relation is expressed as q in 5 f(d), and the inverse kinematics is given by the inverse as d 5 f 2 1 (q in ). The constant gains k Enc , k Dac , and k t are the encoder, digital-to-analogue converter, and torque/force conversion gains respectively.
Simulation and actuation conflict analysis
The Cartesian reference trajectory has been defined as two sinusoidal motions for the two orientation angles of the platform a and b, with a phase shift equal to p/2 in order to generate a rotational motion. The trajectories have the expressions a 5 k sin(2pft) and b 5 k sin(2pft + Q), where k 5 25u is the amplitude of rotation, f 5 1 Hz is the frequency, and Q 5 p/2 is the phase shift. The simulation time was 4 s and a variable sample time was used. The simulation results are reported in Fig. 10 .
The kinematic modelling error was introduced in the geometric parameter h that describes the height of the platform (length of the central strut); it was in the order of less than 1 per cent. This error in the length of the strut introduces an error in the limb reference positions, computed with the inverse kinematics, which were used to drive the dynamic model of the platform. The resultant kinematic error in each limb reference trajectory was in the order of a few hundreds of microns and its variation was very small. Therefore, equation (33) can be rewritten as (c) limb motor torques with k P 5 1
where the term k D _ d d d d can be neglected. Figs 10(a), 10(b) , and 10(c) show the platform output and reference trajectories, limb position error, and limb motor torques respectively, with controller gains as k P 5 1 and k D 5 1. Figure 10(a) shows a good tracking performance of the system and Fig. 10(b) shows that the limb tracking errors vary with time owing to the delay introduced by the closure of the position loop. However, the errors are characterized by a constant value which cannot be attributed to static friction since it was not introduced into the dynamic model. Figure 10 (c) shows the limb motor torques, and it can be seen that their mean value is not equal to zero. This is due to the constant value that affects the limb tracking errors. This result is in agreement with equation (34) where the vector of motor torques consists of a term due to the position and velocity error between the reference computed with a correct kinematic model and the real limb positions, and a second constant term due to the kinematic modelling errors. A set of simulations was performed increasing the proportional gain k P of the controller and analysing the effect on the error and motor torque offsets. Table 3 shows the error and motor torque offsets and error amplitude for different proportional gains.
From Table 3 it is possible to notice that increasing the proportional gain results in the amplitude of the limb position error being reduced while the error offset remains constant. The torque offset increases proportionally with k P , for all three limbs. The greater the motor torque offsets are, the higher the mechanism overall stiffness, making the parallel mechanism less tolerant to errors. Hence, even though the actuator positions have a constant error owing to the kinematic modelling error, the platform will increase its position tracking performance with the increase of proportional gain. This is true if the kinematic modelling error is sufficiently small so that the control currents do not reach the saturation limits.
However, constant offsets in the motor torque mean also overloading of the actuators and greater stresses for the mechanical structure of the system. Therefore, the controller proportional gain needs to be chosen in order to obtain the required position tracking accuracy while limiting actuation conflict. Since the kinematic error has been modelled as a constant position error the relation between proportional gain and torque offsets is linear. Thus, low proportional gains produce small actuation conflict while providing low tracking accuracy. This could be a limitation in cases where fine position accuracy of the robotic device is needed.
EXPERIMENTAL TESTS
To validate the analysis presented in section 5 a series of tests has been performed with the prototype of the redundantly actuated parallel mechanism, and as a further proof of concept these results have been compared with those obtained from a nonredundant configuration of the parallel mechanism with only two limbs driving the platform.
Step response
The stability of such a control algorithm is guaranteed by an appropriate choice of the PD controller gains and is well known and documented in the robotics literature. Furthermore, the simulation has proven the stability of the system for a proportional gain within the range [1, 100] . The system test setup is shown in Fig. 11 .
Using the experimental setup a series of tests were carried out for the purpose of control regulation tuning by considering both the system response and the actuator conflict reduction. In the first series of tests the proportional gain was varied in the range k P 5 [1, 10] while the derivative gain was constant and equal to k D 5 100. It was found that the overshoot was amplified by 10 per cent within the range of the proportional gain, as in Fig. 12 . From the graphs it is possible to notice that the values of the overshoot increased as k P becomes bigger. The figure shows different characteristics for the three actuators and this is probably due to the different level of physical damping/friction presented in the transmission stages of the three actuator groups and differences in cable tensions. The increment of overshooting for different proportional gains is also shown in Fig. 13 where the step responses of a limb actuator are reported for different values of k P . Notice that the rising time did not change significantly with the increase of the proportional gain due to the torque limits imposed by the controller for safety reasons. However, increasing k P the steady-state error is reduced. On the contrary, the step response becomes more oscillatory for all three actuators with the rising of k P .
A similar test was conducted for the derivative gain to identify the sensitivity of the system response characteristics to the variation of the derivative gain. Results from these experiments are introduced in Fig. 14 which shows the rate of reduction achieved in the overshoot of the system response in relation to the derivative gain regulation. Figure 14 shows that, as the derivative gain k D increases, the overshoot decreases by 30-40 per cent within the range of derivative gain selected, improving the step response of the limb actuators and the performance of the platform as a consequence. This can also be seen in Fig. 15 . Figure 15 shows that in order to obtain an acceptable steady-state error (which can be considered to be smaller than 10 per cent of the step command for rehabilitative applications) and a good step response in terms of low overshoot and short settling time, k P and k D need to be selected appropriately. In addition to dynamic performance requirements the saturation of the controller needs to be considered when increasing k P since it introduces a non-linearity and the systems goes out of control. Therefore, a value of k P 5 5, as for the tests in Fig. 15 , would be a good compromise between performance and linearity of the system. On the other hand, a high value of the derivative gain k D would guarantee a good level of damping with low overshooting while introducing high-frequency noise in the control signal, and therefore the gain should also be chosen appropriately to compromise between good dynamic response and low noise control signal. Moreover, a low damping would lead to high overshoots for the actuators and this is not permissible for a rehabilitation device.
In both Fig. 13 and Fig. 15 where the step responses for different gains are reported, it is possible to notice a constant steady-state error which can be attributed to both static friction of the actuator groups and actuation conflict.
The step response of the platform is reported in Fig. 16 , for a reference orientation of a 5 0 and b 5 5u with proportional and derivative gains of k P 5 5 and k D 5 400.
Actuation conflict analysis
As shown in Fig. 8 , inverse-kinematics-based control is used to generate the kinematically synchronized reference signals for the three prismatic joints of the device.
Using this control scheme a number of experiments were carried out to evaluate the existence of actuator conflict, mainly resulting from small kinematic parameter or calibration errors. The trajectories were defined as a 5 k sin(2pft) and b 5 k sin(2pft + Q), as in the case of simulations.
To estimate the actuator conflict, the generated reference signals were used to drive the device in two configurations. In the first arrangement all three actuators were driven while in the second case only two of the actuators were used to drive the platform, with the third one being mechanically detached. In both configurations, no load was applied to the platform while moving.
Redundantly actuated case
The motor torque signals generated in the redundantly actuated case by the PD controllers are shown in Fig. 17 . The values of the motor torque for k P 5 1 and k P 5 50 are depicted in Fig. 17(a) and Fig. 17(b) respectively. In both cases the derivative gain was set to k P 5 300. From these results, the existence of conflict between the three actuators is revealed by observing the offset of the motor torque signal. Since the platform was not loaded during the motion a symmetrical motor torque with respect to zero would be expected. Comparing the signal offsets in Fig. 17(a) and Fig. 17(b) , it can be observed that different proportional gains produce different levels of conflict between the actuators.
This illustrates that for high gains motion conflict between the three limbs, when the platform is redundantly actuated, is amplified and this generates higher loads for the three actuators making the motor torque signals less symmetrical.
The motion conflicts between the actuator can also be seen in their response to sinusoidal trajectories. Figure 18 shows the actuators tracking response to a 0.5 Hz sinusoidal trajectory for a proportional gain of k P 5 50. Looking at the graph, it is possible to note that the rising phase of each actuator starts earlier than the reference. This implies that the actuators are always pulled up during the rising phase even though they do not track the trajectory. This confirms the presence of conflict. The trajectory tracking is greatly improved with a high proportional gain even if the conflict between the actuators increases.
To better understand the effect of the gain increase on the level of actuation conflict, the redundant configuration was driven using different proportional gains ranging from k P 5 [1, 50] . The results are shown in Fig. 19 . Looking at the graph it is possible to conclude that the increase of the motor torque offset and therefore the motion conflict vary exponentially with the increase of the proportional gain.
Non-redundant case
In this case the platform is supported by two limbs to form a non-redundant mechanism. The experiments were carried out by removing one limb from the original three-legged structure.
The motor torque signals generated in the nonredundant case by the PD controllers are shown in Fig. 20 . The graphs show the values of the motor Fig. 17 Motor torques generated by the controller in the case of redundant actuation: (a) motor torques of the three limb actuators generated with k P 5 1 and k D 5 300; (b) motor torques of the three limb actuators generated with k P 5 50 and k D 5 300 Fig. 18 Trajectory tracking of the three actuators with k P 5 50 and k D 5 300 torques for k P 5 1 and k P 5 50. In both cases the derivative gain was set to k P 5 300. From these results it is possible to observe that the motor torque signals generated by the controllers to drive the two actuators are more symmetric in respect to the value of 0 mN m and do not present constant values. Looking at the trajectory tracking of the nonredundant case in Fig. 21 , it is possible to observe that the limbs can closely track the reference positions. This is due to the absence of the third actuator. In fact, the system is actuated by only two limbs which can fully control the two orientation angles of the platform, and a low proportional gain is sufficient to guarantee a high position accuracy. Again, this confirms the generation of conflict in presence of actuation redundancy.
Furthermore, it is possible to see that in the nonredundant case the two actuators are continuously following the reference trajectory and no pulling occurs during the rising phase since the mechanism is fully parallel with a number of actuators that equals the number of degrees of freedom.
In the above experiment, the two limbs were arranged 120u apart. If two limbs are arranged 90u apart the actuation is decoupled. However, the configuration with two limbs reduces the mechanism dexterity, the maximum realizable stiffness, and the output torque [23] .
Motion error analysis
The tracking error between the desirable input motion and the output trajectory generated by the actuation with the inverse-kinematics-based control is shown in Fig. 22 for the redundantly actuated configuration. The data were collected in the experiment reported in subsection 6.1.
Referring to analysis of the motor torque signals reported in the previous section and looking at the tracking errors in Fig. 22 it can be deduced that a low proportional gain gives a low accuracy in terms of position tracking, Fig. 22(a) , while maintaining actuation conflicts at low values, as in Fig. 17(a) . Moreover, the position errors in Fig. 22(a) are affected by a constant value which depends on both Fig. 19 Offset in the motor torque signal as a function of the proportional gain Fig. 20 Motor torques generated by the controller in the non-redundant case: (a) motor torques of two limb actuators generated with k P 5 1 and k D 5 300; (b) motor torques of the two limb actuators generated with k P 5 50 and k D 5 300 kinematic modelling errors and static friction of the actuators.
In the case of proportional gain k P 5 50, in Fig.  22(b) , the limb position errors do not present any offset showing a better tracking accuracy compared to the case with k P 5 1. This result does not agree with the simulation results where the offset in the limb position errors had the same values for all the proportional gains. This can be explained by the fact that the stiffness of the cable used to transfer the torque from the motor pulley to the limb piston, through the capstan system, is not infinite and provides a certain compliance which lets the DC motors reach the reference positions in the case of high proportional gains.
The same analysis carried out for the motor torque signals was performed for the tracking error. It is possible to see in Fig. 23 that the offset in the tracking error is very high with low proportional gains, while it moves towards zero with high gains.
High proportional gains bring the offset to zero giving a more symmetric trajectory tracking which is not reflected in the motor torques. Again, this is due to the compliance introduced by the actuator cables.
In conclusion, the selection of the controller parameter was made in order to minimize the conflict even though reducing position accuracy. Moreover, the derivative gain does not affect the level of conflict between the actuators and therefore it can be set to a high value to guarantee high Fig. 21 Trajectory tracking of the two actuators with k P 5 50 and k D 5 300 Fig. 22 Tracking error for the redundantly actuated parallel mechanism: (a) tracking error of the three limb actuators generated with k P 5 1 and k D 5 300; (b) tracking error of the three limb actuators generated with k P 5 50 and k D 5 300 damping. However, particular care must be taken while augmenting the derivative gain not to significantly amplify the velocity noise. Selecting the controller gains as k P 5 3 and k D 5 600 a last set of tests were performed in order to measure the frequency response of the closed-loop system, and the results are shown in Fig. 24 . The figure shows the frequency response of the three limb actuators for a circular motion of the platform with an amplitude of ¡2u. The bandwidth of the controlled system was found to be at 8.27 Hz.
Note that the tests were performed with the current limits set to 25 per cent of the maximum current, therefore limiting the maximum force of the actuator to the same percentage. For these conditions, the bandwidth for greater displacements would be lower. However, increasing the torque limits results in a wider bandwidth being achieved.
The derivative gain was set to a high value in order to guarantee a high level of damping while driving the platform with frequencies in the order of 10 Hz. However, such a high value of k D introduces a lot of noise in the control signal owing to the noise of the velocity error. The results demonstrate the good performance of the robotic device. However, such high frequencies would probably never be required for rehabilitation devices; therefore, a derivative gain of k D 5 300 is a suitable value for the system.
CONCLUSIONS
In this paper a redundantly actuated parallel mechanism for an ankle rehabilitation device has been presented. A description of the mechanism geometry and design are given and they are followed by the analysis of the actuation conflict generated by the actuation redundancy as a function of control parameters.
The dynamical model was produced and tests were performed to investigate the dynamic characteristic, level of conflict, and position performance of the redundantly actuated parallel mechanism. Comparison was then made with the non-redundant system. This demonstrated that the actuation redundancy incurs motion conflict, and this problem was solved by tuning the gains of the inversekinematics-based PD controller. It has been illustrated how this phenomenon is affected by the controller gains and how this is in contrast with the performance of the system in terms of trajectory tracking. The analysis and experiments highlight the advantages of a variable stiffness and a high loading capability when using a redundantly controlled parallel mechanism.
The tuning of the controller parameters was further performed to minimize the conflict between the actuators while keeping the system performance in a range acceptable for the purpose of ankle rehabilitation. Fig. 24 Frequency response of the three limb actuators with k P 5 3 and k D 5 600 Fig. 23 Offset in the tracking error as a function of the proportional gain
